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1. Introduction

An intriguing feature of string theory is the fact that one can have coincident D-branes.
The lowest-order action for such stacks of branes includes the Yang-Mills action for the
non-abelian gauge fields which arise when one takes the coincidence limit. Since the gauge
part of the action for a single D-brane is Born-Infeld one would expect that a non-abelian
generalisation of this action should be required in the case of coincident branes. Although
there has been a lot of work on this topic it is still not completely clear what this action
is and how it should incorporate invariance principles. It is the purpose of this note to
propose such an action for both the Dirac-Born-Infeld and the WZ terms which should be
present. The derivation we give is strictly speaking only valid in a certain approximation,
which we explain below, but we shall argue that it is not unreasonable to expect that it
can be extended beyond this.

Many features of the bosonic terms in the non-abelian action are known. Some years
ago, Tseytlin [l] put forward the proposal that the ordinary Born-Infeld action could be
generalised to the non-abelian case by using the same formula with an overall symmetrised
trace. Although this does not incorporate all the terms in the effective string action
it is nevertheless a well-defined object to work with. Subsequently, starting from the
Tseytlin action, Myers derived a non-abelian Dirac-Born-Infeld action by demanding that
lower-dimensional brane actions be consistent with T-duality [§]. He also used T-duality
to derive a non-abelian Wess-Zumino term and showed that this has the property that
higher degree RR forms can couple to a Dp-brane giving rise to a dielectric effect. Similar
results were obtained from matrix theory [d, ff]. We shall show that Myers’s results can be



understood from the point of view of invariance under diffeomorphisms of the brane and
gauge symmetries.

The Myers version of the DBI action was derived in the physical gauge where (p+1) of
the coordinates of the target space are identified with those of the brane and the transverse
coordinates are taken to be the scalar fields. These are then promoted to matrices in the
non-abelian theory. This procedure clearly breaks diffeomorphism symmetry for the brane.
Although non-abelian gauge invariance is maintained through the use of covariantised pull-
backs it is not at all obvious that the Myers action is invariant with respect to gauge
transformations of the background gauge fields. This is also true for the Wess-Zumino
term which involves the RR potentials as well as the B field. In fact, it is not clear what
the non-abelian generalisation of the modified field strength which appears in the action
for a single D-brane should be. A proposal for this was made in [§] in the supersymmetric
context and this is the one which we shall use here.

In this paper we shall derive non-abelian DBI and WZ actions in a formalism which
is inspired by the use of boundary fermions to describe non-abelian degrees of freedom in
open string theory [[—[[(]. We shall work in the approximation in which these fermions are
taken to be classical variables. Mathematically this amounts to extending the worldvolume
of the brane by a number of fermionic directions and replacing the brane embedding in
the target spacetime by a generalised embedding defined as a map from the extended
worldvolume to the target space [f]. Although the formalism is not a fully-fledged matrix
formalism, the results we derive can be compared to those in the literature if we replace
the Poisson bracket (in the fermionic part of the space) by the matrix commutator and
impose the symmetrised trace prescription. This approach can be justified to some extent
in the world-sheet picture. In the papers cited above it is shown how quantisation of the
fermions leads to the fermions being replaced by gamma matrices, so that functions of
them become matrices, and how correlation functions of products of operators involving
the fermions become the path-ordered trace of products of matrices. Since we are concerned
with operators at the same boundary point it is natural to adopt the prescription that the
path-ordered trace goes over to the symmetrised trace in this case. Moreover, it is canonical
practice to replace Poisson brackets by commutators in the quantisation procedure.

The DBI action we propose has a very simple structure. Since the extended space is
actually a superspace it is natural to replace the Born-Infeld determinant with a superde-
terminant. The matrix in this superdeterminant is the sum of the pull-back of the target
space metric and an abelian two-form field strength modified by the pull-back of the B-
field. The non-abelian gauge field emerges from the expansion of the abelian gauge field in
the fermionic coordinates. This action is manifestly invariant under diffeomorphisms and
gauge transformations and we show explicitly that it reproduces the Myers DBI action in
the physical gauge. Our WZ action looks very similar to the Myers WZ action. We show
that the couplings of the branes to scalar commutators can be motivated by diffeomorphism
invariance while the couplings to the higher rank RR forms are then required by RR gauge
symmetry. However, our formalism is not manifestly invariant and one has to work to prove
these results. Although the structure of our W7 action is very similar to Myers’s there is
a difference in that his involves contractions of forms with the scalar commutator whereas



ours involves a similar contraction but in the fermionic directions. We show explicitly how
the terms collect together to gives the Myers result. Our conventions for differential forms
are given in the appendix.

2. The geometry of M and the non-abelian gauge field

We shall be interested in a p-brane specified by an embedding f : M — M where M is the
worldvolume of the brane and M the target space, both spaces being bosonic. In order to
incorporate non-abelian degrees of freedom we extend the former to a superspace, M , the
coordinates of which we denote by y™ = (2™, 7*). The coordinates of the target space are
denoted by z™. The embedding is replaced by a generalised embedding f: M — M. The
space M is equipped with an abelian gauge field A such that the modified field strength

K :=dA—- *B, (2.1)

where B is the NS two-form potential on the target space, is invariant under gauge trans-
formations of both objects. It is furthermore assumed that K, is non-singular.
Following the ideas developed in [f]] we use the field K to specify horizontal subspaces

in the tangent spaces of M. Tfw is a one-form on M then we define its horizontal component
to be

Om = wm — K" wy, (2.2)
where
Kyt = K, N"* (2.3)
and
NW = (K,,) ' (2.4)
We can view this as a change of basis if we also identify &, = w,. For a vector v we
have
" =™
vt = ot 0K (2.5)

We define the horizontal component of K itself to be F,
Fon = Kpn — Ky NP K, (2.6)

We note that K has no mixed components in the hatted basis. It is straightforward
to compute the transformation properties of various objects under diffeomorphisms. In
particular, we have
K ! = 0" (DKt — D Kt + 070, Kpp* 4+ D" — N¥Y 0,0 Frum,
SN = 5Dy, NH + 5°9,N* — 2NPH9,5%) + 26m NP9, K, ") (2.7)
which implies that
0 = V" Dpm + 070y, + D" @y, + N* 00" Frm@y,

A A

03, = T"Dply + 00,8y + 0y "G + 0,073y — 70K, By . (2.8)



The derivative D,, is defined by
Dy, := O — Kn#'0y, . (2.9)

The transformation rule of &,, shows that this object is not preserved under general dif-
feomorphisms, only those for which 0,v™ = 0. Transformations which do not satisfy this
constraint are needed in order to reach the physical gauge where the generalised embedding

has the form
™ = (™, 2™ (z,7)) . (2.10)

However, we do not want to make this gauge choice at this stage as the power of covariance
would be lost. Note that any object which has no mixed components in the hatted basis
will transform homogeneously under diffeomorphisms. This holds for F,,.

We now turn to the emergence of a non-abelian gauge field from the abelian one we have
introduced. The requirement that K, be non-singular will be satisfied for any background
B if (dA),, is non-singular. We can then use a vertical diffeomorphism to bring A, to the
standard form

1
Ay = 5 (2.11)
The transformations of A are
0AN = Opa + UN(aNAM — 8]\[./4]\7) + by (2.12)

where « is the abelian gauge parameter and by is the pull-back of the gauge parameter for
gauge transformations of the B field. As stated above we can use v* to go to the standard
gauge for A,. The residual vertical diffeomorphisms are then given by

vt = =" (d,a+ b, — V"D, Ay) (2.13)
We shall denote A, in the standard gauge by A,,; it transforms as
0A;, = Oma+ (Ap,a) + by + V" Foym, - (2.14)
where the Poisson bracket (,) is defined by
(f,9) = 0""0uf0ug . (2.15)

Fon := OmAp — OnAp, + (A, Ay) is the non-abelian field strength tensor, and Em denotes
the covariant pull-back of b with respect to the Yang-Mills derivative. This is given by

by i= D™y, = (O™ + At 0 x™ )by, (2.16)

where

At = " 0, Ay . (2.17)

The relation between the non-abelian field strength tensor and F, in the standard gauge,
is given by
Fin = Fun — Bin — By N" By, (2.18)



This formula may be taken as the definition of the appropriately modified non-abelian field
strength tensor in the presence of a B field.

For later use we note the relation between the hatted and tilded bases, valid in the
standard gauge. The fermionic components of a one-form w are the same while

Om = O + BmpNMw, . (2.19)

3. The DBIM action

In this section we present the Lagrangian for the DBIM action in the presence of the
additional fermionic variables. We set

Lyn == gun + Kun (3.1)
where gpsn denotes the pull-back of the target-space metric to M. The Lagrangian is then

L =+/—sdet Lyn . (3.2)

This Lagrangian obviously transforms as a density under diffeomorphisms of M and is

simply

manifestly invariant under gauge transformations of both A and B. We shall now show
that it coincides with the Myers action [[J] in the physical gauge provided that we interpret
functions of 7 as matrices, replace Poisson brackets by commutators and replace integration
over the fermionic variables with the symmetrised trace over all matrix factors.

The superdeterminant is

sdet Ly v = det (Lyp — Ly LM Lyy) (det Ly, )™ (3.3)

where L*Y := (LW)_l. If we introduce Eyn = gy — By, then

Lyn = Enn + (dA)imn (3.4)
while
L;w = 5,uz/ + E,uz/ (35)
and
Ly = By — Amu (3.6)

in the standard gauge, A, = %77#- We remind the reader that A,,, = 0,A,,.-We therefore
have

Linn — Linp I* Lyn = B + (dA)mn — (Bmp — Amp) O + E) " (B + Any) - (3.7)

We want to express this in terms of Fi,,,, and replace the ordinary pull-back on m indices by
the covariant one defined by D,,, = 0, + A;,"0,. After a straightforward piece of algebra
one indeed finds that

Lmn - Lm,u,LMVLun = Emn + an - Em,u((s,ul/ + E,ul/)_lﬁun ) (38)



where
Emn = D™D pa™Epy,
By = Dypa™0,2%E,,,, . (3.9)
We shall now compute the second term on the r.h.s. of (B.§) in the physical gauge, z™ =
(™, ™ (z,n)). In this gauge
Emy = Dpa™0,2" Enr
= Dmxﬂ&,x"/Emn/

= 82" (Byr + A" 0,5™ Epprr)

= B 0,z" (3.10)
while
By = 8,2™ 82" Epyryy (3.11)
We therefore have
Emp O + E) " Eun = B 82” (6, + Ep) 18,27 Egry . (3.12)
Expanding out the inverse we find
Bpa? (6, + Ep) 10,27 = MP'T — MY B M 4 (3.13)
where
M™" = 5“"(%3&’”,&,35"/ = (mm,,x",) . (3.14)
The series of terms is easily summed; the final result is
Lonn = Lo L Ly = Fp + B + By ((Q71 = 1B Eyy (3.15)
where
Q™ = 0"+ M™V Eyp (3.16)

and where E~! denotes the inverse of E, .

In order to complete the picture we need to compute det L,,, and show that it equals
det ~'Q in the physical gauge. This is a straightforward exercise using the exp tr In formula
for the determinant. For example, one has

5 By = 01 0,2™ 0,2 By
= M"™" Eppy
= —tr(ME) (3.17)
in the physical gauge. One therefore obtains
det L, = exp(—trin(l + ME)) = (det Q)" (3.18)
as required. So we indeed find that
V/—sdet Ly = \/—det (Emn + Fon + By [(Q7L = 1) E-1P7Eyy)det Q. (3.19)

It is quite remarkable that this expression agrees precisely with Myers’s result [[] provided

that one interprets it in the way we have suggested.



4. The Wess-Zumino term

In Myers gives an expression for the WZ term for a Dp-brane modified to the non-
abelian case. The most remarkable feature of this term is that p-branes can couple to
higher-degree RR potential forms. The mechanism for this is that one can lower the degree
of a pulled-back form by two by contracting a pair of transverse indices with M™™ . which
is the commutator in Myers. In this way, for example, a five-form RR field can give rise to a
three-form and thus couple to a D2-brane. However, it is far from obvious that Myers’s WZ
term is gauge-invariant or invariant under diffeomorphisms of the brane. In this section
we construct a WZ term in our model which has these properties, although not manifestly.
Its structure is very similar to the Myers WZ term, although the match up of the terms is
not quite straightforward.
The Wess-Zumino term for a Dp-brane is

Lwz =VN [exp ( - %1N> ey C , (4.1)

:| p+1,0
where N := det N#”. The subscript (p+ 1,0) indicates that the (p+ 1,0)-form component
is to be projected out, a (p, g)-form being a (p + ¢)-form on M with even degree p and odd
degree ¢ in the hatted basis. The RR potentials C are pulled back to M with the hatted
pull-back, e.g.

Cony = D8, 2%Copy, (4.2)

where
Dy, = O — K0, (4.3)

The point of using this pull-back rather than the one defined with the straightforward gauge
covariant derivative is that it is invariant with respect to the abelian gauge transformations
of both A and B. The operation iy appearing in ({.1]) denotes the contraction of a form
with N#. Again this is invariant under gauge transformations of A and B. However, the
full expression is neither manifestly covariant under diffeomorphisms of M nor under gauge
transformations of the RR fields.

First suppose that the WZ form for a Dp-brane, divided by v/N, transforms in a regular
fashion, i.e. without a term involving 9,0™, and let L be the dual of this form, then we
can take the Lagrangian, regarded as a function, to be Ly z = v/ NL, and we have

5L = (6™ Dy + 9"0,) L + D™ L (4.4)

while
VN = (0" Dy, + 0"9,)VN + VNK,, (0" N9, K" — NHP,0") . (4.5)

Combining these two results it is easy to see that
S(VNL) = (=1)May(vM (VNL)) . (4.6)

We therefore see that if L transforms regularly then Lyyz will transform in the desired
fashion under diffeomorphisms of M. The transformations of the pulled-back RR forms



do include irregular terms and so the problem is to show that these all cancel between the
different terms in the action involving the same RR field but different powers of in. In
fact, we can use this to argue that these terms must be present. As a simple example,
consider the C3 terms in the action for a D2-brane. If we focus on only the irregular parts
of the transformation of C3 we have

Commp ~ BN 0,09 F g1 C (4.7)

np)

Clearly we need to add something to the Lagrangian proportional to N to cancel this
variation. The obvious expression to try is ¢ Naf , which involves the part of C' with two
fermionic indices. Since F has no fermionic indices, this term involves @wp. The irregular
terms in the transformation of this field are

66}“4’ ~ 28(,ﬁqa|q| + Npaapi}\q]:qpaw,o . (4.8)

v)p

The terms of interest in the transformation of ¢ Naf are therefore

5(Nwauu[mfnp}) ~ NWNpoapﬁqauwfq[m}—np]
2N 0, 59C gy Frnp) - (4.9)

The first line on the r.h.s. vanishes as it involves F AF in three dimensions, while the second
is equal to +2 multiplied by the r.h.s. of (.7). Expanding out the exponential in ([.1]) we
see that precisely the right coefficient is generated in order for these two terms to cancel.
The remaining terms can easily be seen to be the regular terms in the transformation of
the part of the D2-brane action which involves Cs.

This line of reasoning can easily be extended to the general case. For a given brane, a
given RR field will appear in a sequence of terms with increasing powers of F and iy. It
is not difficult to verify that the irregular variations in a given term cancel against those
coming from the two adjacent terms. We can therefore conclude that the WZ term is
invariant up to a total derivative under abelian gauge transformations of A and B and
diffeomorphisms of M. Since the non-abelian gauge transformations arise from the vertical
diffeomorphisms combined with the abelian gauge transformations of A in the standard
gauge we are therefore assured that the WZ term will be invariant under these.

The above considerations indicate the need for the i¢n terms but do not mix RR
forms of different rank. The full structure is required by demanding gauge invariance for
the background RR fields. Since the WZ Lagrangian is a sum of standard WZ terms of
different rank one might think that this is obvious but closer inspection shows that it is
not, because the iy operation does not commute with exterior differentiation.

The proof of gauge invariance is not difficult however. We shall focus on the ITA case
for simplicity. The gauge transformations of a (p 4+ 1)-form potential is

5Cps1 = dA, — Ay _oH (4.10)

where H is the NS three-form, and A is used to denote the gauge parameters. Pulled back
to M, H becomes —dK. So the gauge transformation of the WZ form is

5Lz = VN [e*%w S (@ReF) + dNTReF) (4.11)

p+1,0



where

N1 =K-F (4.12)

Now F is horizontal and is not acted on by 4. It therefore plays no essential role in
the proof that this expression gives rise to a total derivative. From this point of view it
may as well be absorbed into the parameters A; that is, we regard Ae” as the redefined A.
Each A appears in pairs of terms which have the same degree. A general pair of terms in

(£.11)) has the form

n
(- %) VN <inN(dK)p+172n - 2n1+ 217&+1(dN1K)p+1,2n+2> : (4.13)
This gives the contribution of a (2n + p)-form A. We shall now show that this expression
can indeed be written as a total derivative. The above formula suggests that it should be
something like d(v/ N 27]{,1/{) and we shall see that this is not far off the mark.

Let us introduce the notation N#1#2n to denote the symmetrised product of n Ns.
The first term in ({.13), ignoring the overall factor and the square root, is

NHL---b2n (dA)ml...mpHm...uzn — NHL--H2n ((p+ 1)Dm1Am2~.mp+1m...uzn _QnamAmL--mpHuz...uzn
—p(P + 1) Dy Kiny” Mg 1oz
—2n(p + 1)%Kml”AmQ...mHm..an) : (4.14)

where antisymmetrisation over the free even indices is understood here and in the rest of
the proof. The terms involving the derivatives of K arise because we are working in the
horizontal lift basis. The second term in (f.13), again omitting the numerical factors and
the square root, is

=)

NHL--H2n+2 (del)

M4 Mp 141 .- P2n+2]

(2n+2)p(p+1) ~

[m1mams3

— Nﬂl...u2n+2 < 5 (dN?l)mlmzm Am3...mp+1ﬂ2...u2n+2
2n+2)(p+1) _ ~
+ 2(2n)' (dN 1)mlmmAM2---mp+1u3---u2n+2
(2n 4+ 2)! _ ~
m(d l)ulmusAml---mp+1u4---uzn+2) . (4'15)

The exterior derivative of N~! has the following non-trivial components

(AN imimop = 2D, Koo’ Ky
-1
(dN )mlmua - DM1KM2M3 - Qa(ugK\mlprmg)
(AN oy = 300 Ky ) - (4.16)

We can group together like terms from the two original terms in ([f.13) taking into account
the relative numerical factor. It is easy to see that the terms involving D,,K,” cancel.
Reinstating the square root of det NV we see that the other terms with the derivative D,,
can be written in the form

(p + 1)Dm1 (\/NNMI...M2nxm2...mp+1ﬂ1...ﬂgn) . (417)



Next we consider the terms involving 0,K,,”. The term of this sort in ({.14) is cancelled
by one of the terms in ({.1§) and we are left with

(p + 1)\/NN'UI1W'U'27L amel me2---mp+1M1---M2n (418)

The two expressions ({.17) and (f.1§) combine to give

(p+ 1)8M1(\/N(inNK)M2---mp+1) + (p+ 1)au(\/NKM1M(inNK)M2---mp+1) . (4.19)

Finally, we consider the terms involving the fermionic derivative of A and N. After a short
piece of algebra, and using the fact that N*” is the inverse of K, , one verifies that these
give
_2naul(\/NNMIMM%LKml---mp+lﬂ2---u2n) . (4.20)
To conclude the proof, we can contract the above expressions, ([.19) and ({.20), with
€M--Mptl to obtain total derivatives. We therefore conclude that the WZ term is indeed
invariant, up to a divergence in M , under gauge transformations of the background RR
potentials.

5. Comparison of WZ terms

The structure of our WZ term is clearly very similar to that of Myers’s, but the way in which
the various terms match up is not obvious since our inner product operation iy involves
the extra fermionic directions while Myers’s involves the directions transverse to the brane
in spacetime. In this section we shall prove that the two expressions agree precisely in the
static gauge, given that we interpret our results as before.

The WZ term for a p-brane is

Lwz =VN [eiéiNefza] (5.1)

p+1,0

F is a (2,0)-form which can be written, in the standard gauge (R.1§), as'
Fop=Fag— Bag—bog, (5.2)

where
byn = BN By, (5.3)

The first two terms in F are very similar in our expression and in Myers’s; since they
are not seen by the i) operation they can be absorbed into the RR potentials. With this
understanding we can write the contribution of a (p + 1 + 2n)-form potential to the WZ
term as

liv b oA
Lwz ~ VN [e 3N b2700p+1+2n} 1o
p b

1, ~ ~
= \/N |:6_§ZN <Cp+1,2n — b2,OCp71,2n+2 + .. )] o (54)
p b

!Throughout this section forms are written in the hatted basis (e™ = da™,e" = dn* +daz™K,,"). Tildes

refer to the components, e.g. 5171 = E“emgm#.

,10,



We shall prove the equivalence between this expression and the corresponding Myers term
in steps. First we show that, in the standard gauge,

¢T3N a0 Ci142n (5.5)

1. = ~
_ |,—5in,—B11
=le 27e T lpriy2 ]
|: P n P10 )

:|p+1,0

where El,l has components Emu. In order to prove this result we shall need to express C
in terms of C, the Yang-Mills pulled-back potential. It is straightforward to see that

R e=ptl
Cp+1,2n - Z a(Bll)qCp—i-l—an-i-q ) (56)
=0 7

where Ell denotes the vector-valued one-form with components EmVN Vi = Em“.
We begin by looking at the terms with no b-field contributions. The term with ¢ powers
of B on the Lh.s. of (b.5) is

1

< - §> q!—];;!(Bll)qCerlqunJrqa (5.7)

whereas the r.h.s. contribution comes from the term
1 n-+q (_1)qin+q . .
(‘ 5) mBﬁCpran (5.8)
Now

(_1)q(p+17q) (p + 1)'(271 + 2Q)'
(p+1-9)(2n+q)!
X B[ml(yl ce ququm

nad _
[Bl,lcp+1*q,2n+q]m1---mp+17H1~~~H2nV1~~~VqP1~~Pq = &

a+1--Mpt1]p1-..ti2n p1---pq)

(5.9)

where
€q 1= (—1)29@D) | (5.10)

In (5.§) the expression in (5.9) is to be contracted with (n + q) powers of N. We can
compute this by switching the symmetrisation brackets on the fermionic indices to N™*4.
To find the term with no b we then have to isolate the term in this expression of the form
NHL-H2n N¥1P1 0 NVYaPa | The result is

" ’L%(p—{— 1)' D 1% o vgry
€q< a 5) nlgl(p+1— q)!B[ml Yo By Cng i cmp | iz g (5.11)

and this is exactly equal to the component form of (5.7).
Now consider the terms with ¢ powers of B including b”, where ¢ > 2r. The Lh.s. of

F-H) gives

1 n+r 1 Z.X/j—r (_1)rbr _ "
J— B 1 q72rC B 5.12
< 2> (g=2r)!(n+r) 7! (Br) pri=g2ntq, (5.12)

— 11 -



We have to compare this with the " term in (f.§). Using the fact that iN(ELl)Z = 4b, we
find that this contribution to (p.§) is

D\" (=) T
—ZT
4T”r7q7n< - 5) q! (n +q)!br Bi},l Cp+17q,2n+q’ (5-13)

where it is understood that the remaining contractions do not give any more factors of b.
The combinatoric factor n, 4, is given by

S g!(n +q)!
et ol (g = 2r) ! (n+q — 1))

(5.14)

Using this in (5.13) and the previous result for no b terms one can easily verify that the
Lh.s. and r.h.s. terms with " in (F.§) are indeed equal.
The second step is to show that
VN [e—%quvgn} - [e_%”e_BO’?wq,gn} ) (5.15)

) q,

where 75 means contraction with §*¥ instead of N#. The even part of the form w does not
play an essential role here, so we can take ¢ = 0. In this case the Lh.s. of (5.15) is

\/N(_n%!)ni”Nw = m( — 3>ni > w(BM,... Bk, (5.16)

n!
{k}

where, on the r.h.s., w is regarded as a symmetric n-linear map of symmetric matrices,

B(= Bypz) is regarded as a symmetric matrix, (ki,...ky) is an n-tuple of non-negative
integers, and the sum is over all such n-tuples. B¥ denotes the k;jth power of B as a
matrix, with (B%)* = §*. On the other hand, the r.h.s. of (F.19) is

Z(_l)m _ 1 n+m¢6”+m(i2w) (5 17)
- 2 (n4+m)m! ~ .
Now
m k
2 Im)!
) = >0 SO gt Gy

nl(m — k)!|(m — k)!

where k = Y"" | k;, and where the sum runs over all n-tuples such that k& < m. Thus the
r.h.s. of (B.19) is

1\" 1 ek o
> <—§> 2mik[(m_k)!]zw(Bkl,...,Bk")L5 "By (5.19)
m.{k}

If we set p = m — k we find that this is equal to

Z'po2 n
<22ip ?p!;é > > (‘ %) %w(B’“a .y Bf) = (5.20)

p {k}
[ebemoa] S (1) Tush B
0,0 {k} 2 n' 9 Y
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It is not difficult to show that the factor in square brackets on the r.h.s. of this equation is
the square root of the determinant,

VN = [67%”6750’2} . (5.21)

0,0

The use of this in (5.21) establishes (5.15).2 Finally, in the physical gauge,
(1§ )wp,2n = (—in)"wpon (5.22)

for any pulled-back form wy, 2, where, on the right, wy, 2, is a (p + 2n)-form on the brane
tangential degree p and normal degree 2n. This is easy to see: suppose we have a (0, 2)-
form, wp 2, then

2‘5(,()072 = 5“”&);“,
v m’ n/
= 0" 0,z Opx™ Wy
i .
=Mm" Wm/n! = —IpMW . (523)

The proof can easily be extended to the general case. Combining all of these steps, and
reinstating F we finally arrive at

vIN [e*%iNef g 6} = VN [e*%iNeF*EQ’Oe*EU E 5’}
p+1,0
_ [e—%iaeF—Ezo—Em—EozE 5]
p+1,0

_ [e%iMeF—EZ:5L)+LO (5.24)

The final expression is the Myers WZ term which is only defined in the physical gauge. In

p+1,0

the Myers term B is the gauge-covariant pull-back of B. The equality between our WZ
term and Myers’s is to be interpreted in the same manner as for the DBIM part of the
action.

6. Discussion

In this article we have argued that the action proposed by Myers for coincident D-branes
in the physical gauge can be derived from a completely covariant formalism which makes
use of boundary fermions. In order to make the final step from our results to Myers’s
we have to replace functions of 1 by matrices and replace integration over the fermionic
variables by the symmetrised trace over matrices. This is quite natural as the boundary
fermions have to be quantised when they are used to describe the Chan-Paton factors for
the open string. In the standard gauge canonical quantisation leads to n* being replaced
by v, so that functions of fermions naturally give rise to matrices. The path integral over
the boundary fermions is designed to reproduce the path-ordered trace; if the integrand is
local as a function of the parameter specifying the boundary of the string it is natural to

2There is no difference between Bo,2 and By,2
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interpret this as the symmetrised trace. It would nevertheless be preferable to justify this
prescription in more detail from the worldsheet point of view, a topic we hope to report
on in the future.

The main feature of our result is that the Myers action can be viewed as a gauge-
fixed version of an action which is covariant under all the local symmetries. Although
one would have expected this to be the case, it was not at all clear how the Myers action
could be made compatible with these. Since the Myers action is defined in the physical
gauge diffeomorphism invariance could not have been present, but invariance under gauge
transformations of the background potentials was also rather obscure.

In [f] we used the boundary fermion formalism in the context of the open Green-
Schwarz string to derive the equations of motion for a set of coincident supersymmetric
branes in the classical limit, i.e. taking the fermions to be classical. Given the results of
the present paper these equations should be equivalent to those one would derive from a
supersymmetrisation of Myers’s action. However, it is not easy to make the comparison
because the Myers formalism is most suited to the action whereas the formalism of [f] leads
naturally to equations of motion. It is not so easy to relate the two in such a complicated
theory.

In [ff] we used a supersymmetric extension of the formalism employed here, in the sense
that the brane and the target space were taken to be superspaces, and in that context
we also developed a manifestly covariant formalism. We then attempted to construct a
covariant action form by generalising the construction of brane actions [[L1], ] in the
superembedding formalism [[3, [[4]. Although the details of this were not fully worked
out the results derived in the present paper suggest that they could be. If so, this could
be a much quicker and more transparent way of establishing covariance. A related topic,
currently under investigation, is the construction of a kappa-symmetric Green-Schwarz
action for coincident D-branes. It would also be interesting to compare the current approach
with that of [L] where only a single kappa-symmetry is employed.

In conclusion, the current work suggests that the boundary fermion formalism could be
very useful for discussing non-commutative aspects of coincident D-branes. Clearly further
work needs to be done to put this approach on firmer ground. It would be interesting to see
how it can be related to the work of various other groups, for example, on covariance, [[[d
[[9], on higher-order terms via stable bundles [20], and on supersymmetry [R1]-R5].

A. Conventions

We briefly summarise our conventions for differential forms. We use superspace conven-

tions. A p-form w on M is written

1
w = —eMp...eleMl___M
p! !
1 Mp...My A
= He WM. M, (A1)
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M

where e is a set of basis one-forms. The components of w are defined to be wpy,...a7,- The

wedge product of two forms w, p, both with even overall Grassmann parity, is

(p+q)!
plq!

(WAP)IM .. Myyy = PIMy..MgWMyi1..Mpyg] - (A.2)

The exterior derivative acts from the right by

1 1
dw = WGMIH_L“MI((ZQ + 1)dM1wM2---Mp+l - 5]9(]) + 1)fM1M2NwNM3---Mp+1) ’ (A3)
where dj; denotes the vector fields dual to e and
[drr,dn] = funtdp . (A.4)
We have
dwAp)=wANdp+ (—1)dw A p, (A.5)
where p is a g-form.
A vector-valued k-form,
1
L = —eMk"'MlLMl___MkNdN s (Aﬁ)

k!

acts as a derivation of degree k — 1 on forms by w — Lw where

Lw := 71 eMkJﬁP*l"'Ml (k +p - 1)'

N
(k+p—1)! W My..My WNMyyy.. . Myipy - (A7)

If L is a vector, i.e. k = 0, this formula reduces to the interior product of a vector with a
p-form.
A (p, g)-form with respect to some splitting of the basis set into even and odd, eM =

(e™, eM), is written

1
— LU M.
w = p'q'e“q HLeme T Gy mpt g - (A.8)

The operation iy, where N = N*d, ® d,,, is defined by

1
p!(q —2)!

If L is a vector-valued one-form of the form L = e™L,,"d, then

iNw = ettt eme T NE W mpan optg - (A.9)

1
Lo=Grigomre e ED e D s g - (A10)
The sign (—1)? is explained as follows. L can be viewed as a one-form which starts acting
from the right. It therefore has to be taken past p €™s to act on e#!. This where the sign
comes from. It also acts on the other odd basis forms giving a factor of ¢q. In the text we
have used this operation with L = B; .
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